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HYPERBOLIC SELF AVOIDING WALK
ITAI BENJAMINI AND CHRISTOFOROS PANAGIOTIS
Abstract. Expected ballisticity of a continuous self avoiding walk on
hyperbolic spaces Hd is established.
1. Introduction
Consider continuous n steps random walk on Hd, where the next step is
chosen uniformly and independently on the unit sphere around the current
location. Condition this uniform product measure on sequences in which
the distance between any pair of vertices is bigger than c, for some fixed
0 < c < 1.
We will write Pn for this measure, which will be called the SAW measure,
and En for the expectation with respect to this measure. We denote by
x0, x1, . . . , xn the vertices of the walk in order of appearance and d the
distance function.
Theorem 1.1. There exists a constant C = C(d, c) > 0 such that End(x0, xn) >
Cn for every n ≥ 1.
For background on hyperbolic geometry see e.g. [3]. For background on
self avoiding walks see [1]. The papers [5, 6, 7, 8] contains results of the
speed of self avoiding walks.
2. Proof
Proof. Let us first recall that there is a constant δ fixed throughout such
that for every geodesic triangle in Hd with sides α, β, γ we have that α lies
in the δ neighbourhood of β ∪ γ.
We will start by proving the following geometric lemma.
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Lemma 2.1. There is a constant c1 > 0 such that for every finite set A
of vertices in Hd with the property that the distance between any two of
its points is at least c, at least c1|A| vertices of A are at distance at most
(1− c)/2 from the boundary of the convex hull of A.
Proof. Notice that the convex hull K of A coincides with the convex hull of
A∩∂K. According to [2], there is a constant t = t(d) such that the volume of
K is at most t|A∩∂K|. For every x in B := {x ∈ A | d(x, ∂K) > (1− c)/2},
the ball of radius (1− c)/2 around x is contained in K, hence the volume of
K is greater than t′|B| for a certain constant t′ > 0. The assertion follows
now easily. 
For a set of vertices A, we will write H(A) for the convex hull of A. It
follows from Lemma (2.1) that there is a constant R > 0 such that for every
SAW x of length n, the number of indices i with d(xi, ∂H(x)), d(xj , ∂H(x)) ≤
(1− c)/2 for some i+1 ≤ j ≤ i+R is of order n. As there are finitely many
choices for j − i, the number of indices i with d(xi, ∂H(x)), d(xj , ∂H(x)) ≤
(1 − c)/2 is of order n, where 1 ≤ r = r(A) ≤ R is the number that
appears most often. In fact, we can assume that r is as large as we want.
In particular, we can always choose r > 3δ + 1 − c. The reason for making
this choice will become clear later.
For any number C > 0, we define Ai(C) to be the event that xi has
distance at most C from the geodesic between x0 and xn. We also define Bi
to be the event d(xi, ∂H(x)), d(xj , ∂H(x)) ≤ (1− c)/2. Our aim is to utilize
the above observation in order construct SAWs that satisfy Ai(C).
Lemma 2.2. There are universal constants 0 < C < 1, C > 0 such that
Pn(Ai(C)) ≥ CPn(Bi) for every large enough m and every i ≥ 1.
Proof. Consider a SAW x ∈ Bi. Our aim is to define a family of walks x
′
for which the position of x′0, . . . , x
′
i and the relative position between the
points x′i+r, . . . , x
′
n is fixed and coincides with that for x, and furthermore,
the event Ai(C) occurs.
To this end, let zi, zi+r be the points in the boundary of H(x0, . . . , xi),
H(xi+r, . . . , xn) closest to xi, xi+r, respectively, and write d for the distance
between zi and zi+r. Consider two separating hyperplanes H1 and H2 that
pass through zi and zi+r, respectively. In what follows, the position of
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zi+r and xi+r, . . . , xn will change but for convenience we will keep the same
notation throughout the proof.
Notice that we can rotate H(xi+r, . . . , xn) around zi+r and then around
zi so that H2 lies in the complement of the open ball of radius d around zi
and has distance d from H1. Now we can apply another isometry to H2, if
necessary, so that H1 and H2 are at distance
r − d(xi, zi)− d(xi+r, zi+r) ≥ r + c− 1 > 3δ
apart and the distance is attained by the pair zi, zi+r. Adding the geodesic
walk yi = xi, . . . , yi+r = xi+r of length r that connects xi to xi+r results
in a SAW of length n because any yi+1, . . . , yi+r−1 is at distance at least
1− (1− c)/2 > c from H1, H2. We can now construct a family of walks with
the desired properties by choosing the jth step, j = i+1, . . . , i+ r suitably,
while keeping the distance between H1 and H2 close to r−d(xi, zi)−d(xi+r
and larger than 3δ. In fact, these steps can be chosen from some domes Dj ,
j = i, . . . , i+ r of positive area that differ only by a rotation.
It follows from the next lemma that all these SAWs satisfy Ai(C). Since
the domes Dj have positive measure, the probability of Ai(C) conditioned
on x0, . . . , xi and the relative position between the points xi+r, . . . , xn is
bounded from below by a uniform positive constant, whenever x ∈ Bi. Tak-
ing expectation we obtain the desired assertion. 
In the following lemma, we will write xy for the geodesic between points x
and y in Hd and d(A,B) := infx∈A,y∈B d(x, y) ≥ δ for the distance between
subsets of Hd.
Lemma 2.3. Consider two bi-infinite geodesics A, B in Hd with d(A,B) >
3δ. Assume that x0 ∈ A and y0 ∈ B realize the distance d(A,B), then the
following holds: for any x ∈ A, y ∈ B we have d(xy, x0y0) < 2δ.
Proof. Let x ∈ A, y ∈ B and write γ, γ′ for the geodesics starting at x0 and
ending at x, y, respectively, parametrized by arc-length.
Consider an R > 0 such that d(γ(R), γ′(R)) = 2δ. We claim that
d(γ′(R), xy) ≤ δ. Indeed, suppose to the contrary that d(γ′(R), xy) > δ.
Since d(γ′(R), γ ∪xy) < δ, there exists some t ∈ γ such that d(γ′(R), t) < δ.
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Hence R − δ < d(x0, t) < R + δ, which implies that d(γ(R), t) < δ. Thus
d(γ(R), γ′(R)) < 2δ and this contradiction proves the claim.
Now for the triangle with vertices x0, y0, y we have that d(γ
′(R), x0y0 ∪
y0y) < δ. But d(γ
′(R), y0y) > δ which shows that d(γ
′(R), x0y0) < δ and
completes the proof. 
Using Lemma (2.2) and the fact that on any SAW of length n, the number
of indices i such that Bi occurs is of order n, we obtain that in a SAW of
length n, the expected number of indices i, for which xi is within distance
C to the geodesic between x0 and xn is of order n. Since the open balls
of radius c/2 around the vertices of the SAW are disjoint, we get that the
C-neighbourhood of the geodesic has expected area of order n. But the area
of the C-neighbourhood of a geodesic of length k is of order k for any k ≥ 1.
This completes the proof of the theorem. 
3. Open problems
In this section we will state some open problems. Given some ε = ε(n) >
0, we consider continuous n steps SAWs on Hd, where now the steps are
chosen uniformly from the sphere of radius ε and we condition on sequences
in which the distance between any pair of vertices is bigger than cε, for some
fixed 0 < c < 1. We are interested in the behaviour of these SAWs as ε tends
to 0. We will refer to the n step model as the (n, ε)-SAW. Let us write En,ε
for the expectation with respect to this measure.
Conjecture 3.1. limn→∞ En,1/n(d(x0, xn)) = 0
Conjecture 3.2. There exists a constant 1 > β = β(d, c) > 0 such that
lim
n→∞
En,n−β(d(x0, xn))
exists and is not zero (possibly up to logarithmic factors).
We expect that β is increasing in c because when the self-avoidance re-
strictions are stronger, the walk tends to move further away from the origin.
Let us mention the observation motivating these conjectures. Given ε > 0,
let 1εH
d denote Hd with the metric scaled by a. It is clear that the (n, ε)-
SAW on Hd coincides with the (n, 1)-SAW on 1εH
d. Moreover, d(x0, xn) =
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εdε(x0, xn), where dε is the distance function on
1
εH
d. As ε tends to 0,
the curvature of 1εH
d tends to 0 as well and 1εH
d looks more and more like
R
d. This indicates that for certain values of n and ε, the (n, ε)-SAW on
H
d behaves like (n, 1)-SAW on Rd. In fact, we can make a more precise
prediction for the values of n and ε for which this holds. On balls of size
smaller than 1ε ,
1
εH
d looks similar to Rd, while on balls of size larger than
1
εH
d, the two spaces look different. If the (n, 1)-SAW on Rd is typically at
distance nβ, then this indicates that the (n, 1)-SAW on n−βHd behaves like
the (n, 1)-SAW on Rd. This reasoning leads naturally to the above questions.
As c tends to 0, we expect that β tends to 1/2 because in the limit we
obtain a random walk. Also, for d ≥ 5, we expect that β is always equal to
1/2, as in this case, the scaling limit of SAW on Zd is the Brownian motion
[4].
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